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Abstract

Despite a growing interest in the study of causal mechanisms in political science, existing meth-
ods for causal mediation analysis face an important limitation when the effect of the treatment
on the outcome involves multiple, potentially overlapping, causal pathways. To circumvent this
limitation, empirical studies often assume that different pathways are causally independent, an
assumption that is strong, untestable, and unrealistic inmany applications. In this article, we relax
this assumption using a framework for tracing causal paths in the presence of multiple causally
dependent mediators. In this framework, the total effect of the treatment on the outcome is de-
composed into a set of path-specific effects, which are identified under standard assumptions of
causal mediation analysis. We then describe an imputation approach for estimating path-specific
causal effects from experimental and observational data. In contrast to existing methods for an-
alyzing causal mediation, this approach does not require any model for the mediators of interest.
All we need is to model the expected outcome given treatment, pretreatment confounders, and
varying sets of mediators, which can be implemented via highly nonparametric methods. We il-
lustrate this approach by estimating the path-specific effects of democracy on public opposition
to war and the path-specific effects of political violence on descendants’ political attitudes.
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1 Introduction

Political scientists, no longer content with establishing the mere presence of causal effects, are in-

creasingly interested in uncovering the pathways through which one variable affects another. For

example, Brader, Valentino and Suhay (2008) examine whether the effect of negative media framing

on public opposition to immigration is mediated by respondent anxiety rather than beliefs about the

harms of immigration. Similarly, in studying the democratic peace, Tomz and Weeks (2013) inves-

tigate whether the effect of democracy on public opposition to war is mediated by moral qualms

over military strikes against another democracy rather than beliefs about the costs and benefits of

war. Over the past decade, studies of causal mediation have grown rapidly across different subfields

of political science (e.g., Abramson and Carter 2016; Hall 2017; Holbein 2017; Knutsen et al. 2017;

Lupu and Peisakhin 2017; Reese, Ruby and Pape 2017; Zhu 2017) because empirical evaluation of

the mechanisms hypothesized to transmit causal effects is central for testing and refining theoretical

models of social and political processes (Imai et al. 2011; Acharya, Blackwell and Sen 2016).

A common approach to assessing causal mediation involves decomposing the total effect of a

treatment on an outcome into two components: an indirect effect operating through a mediator of

interest and a direct effect operating through alternative pathways. This is typically accomplished

via an additive decomposition in which the average total effect of treatment is partitioned into so-

called natural direct and indirect effects (Pearl 2001; Robins 2003; VanderWeele 2015), which are also

known as the average direct effect (ADE) and average causal mediation effect (ACME), respectively

(Imai et al. 2010, 2011).

Despite its conceptual simplicity, this approach faces an important limitation when the effect of

the treatment on the outcome involves multiple, potentially overlapping, causal pathways — a com-

mon scenario in social science applications. In particular, the ADE and ACME can only be identified

under a set of potentially strong assumptions: (i) no unobserved treatment-outcome confounding, (ii)

no unobserved treatment-mediator confounding, (iii) no unobserved mediator-outcome confound-

ing, and (iv) no treatment-induced mediator-outcome confounding (VanderWeele 2009a; Imai et al.

2010). Of these assumptions, the last assumption is especially restrictive because it requires that there

must not be any posttreatment variables that affect both the mediator and outcome, whether they are

observed or not.
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Therefore, if two mediators are present and one mediator affects both the other mediator and

the outcome, the ACME for the second mediator cannot be nonparametrically identified (Imai and

Yamamoto 2013). For example, when assessing the degree to which respondent anxiety mediates

the effect of negative media framing on attitudes toward immigration, the ACME for anxiety is not

identified if beliefs about the harms of immigration influence both respondent anxiety and attitudes

toward immigration. Likewise, when assessing the degree to which moral concerns transmit the ef-

fect of democracy on attitudes toward war, the ACME for morality is not identified if beliefs about

the costs and benefits of war affect both perceptions of morality and attitudes toward war. To cir-

cumvent this problem, empirical studies have often assumed that different mediators are causally

independent (i.e., they do not affect each other), whether implicitly or explicitly. Unfortunately, this

assumption is strong, untestable, and unrealistic in many applications.

Moreover, from a substantive point of view, when the effect of the treatment on the outcome

involves multiple mediators that are causally dependent, the mediating effects of these variables can-

not be neatly separated from each other. In the democratic peace study, for example, the ACME

for perceived costs and benefits of war involves the causal path democracy→perceived costs and

benefits→opposition to war, and the ACME for morality involves the causal path democracy→moral

concerns→opposition to war. However, if moral concerns about war are partly influenced (perhaps

subconsciously) by perceived costs and benefits of war, both of the ACMEswill also involve the causal

path democracy→perceived costs and benefits→moral concerns→opposition to war. Thus, in such cases,

the ACMEs for different mediators may reflect overlapping causal mechanisms, making it difficult

to adjudicate between competing theories of the underlying processes.

In sum, when the effect of the treatment on the outcome involves multiple mediators that are

causally dependent, an exclusive attention to the ACMEs for different mediators could be unproduc-

tive both methodologically and substantively. In this paper, we argue that in the presence of multiple

causally dependent mediators, a more fruitful approach to the study of causal mechanisms is to trace

the various causal paths directly. In the democratic peace study, for example, the researcher might

be interested in the strength of the causal path democracy→moral concerns→opposition to war, i.e., the

amount of treatment effect operating via moral concerns above and beyond that operating via other

mediators. Unlike the ACME for morality, this path-specific effect is identified even if perceptions

about the costs and benefits of war influence both morality and attitudes toward war. This quantity
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is also substantively important because it gauges the degree to which morality plays an independent

role in transmitting the effect of democracy on public opposition to war.

In general, when multiple causally dependent mediators lie on the causal paths from a treatment

to an outcome, the total effect of the treatment can be decomposed into a set of path-specific effects.

These path-specific effects are nonparametrically identified as long as all observed variables can be

arranged in a directed acyclic graph (DAG) and, in this DAG, no unobserved confounding exists for

any of the causal relationships (Avin, Shpitser and Pearl 2005) — a standard assumption in empir-

ical applications of causal mediation analysis. Despite this general identification result, however,

few practical methods have been proposed to implement this decomposition and estimate the corre-

sponding path-specific effects. The lack of off-the-shelf estimation methods has prevented empirical

analyses of causal mediation from tracing causal paths directly in the presence of multiple mediators.

Instead, as noted earlier, researchers have often resorted to the strong and restrictive assumption that

different mediators do not affect each other, which enables identification of the ACMEs but would

lead to inaccurate assessments of causal mechanisms if the mediators are in fact causally dependent.

This article bridges this gap. In what follows, we first introduce a framework for defining and

identifying path-specific causal effects in the presence of multiple causally dependent mediators.

We then briefly review an inverse-probability-weighting-based method for estimating path-specific

causal effects proposed by VanderWeele, Vansteelandt and Robins (2014), which, as we show, has sev-

eral practical limitations that make it challenging to implement beyond highly stylized applications.

We then describe a new imputation-based approach for estimating path-specific causal effects that

can be flexibly applied to both experimental and observational data. In contrast to existing methods

for analyzing causal mediation (e.g. Imai et al. 2011; VanderWeele 2015), this approach does not re-

quire any model for the mediators of interest. All we need is to model the expected outcome given

treatment, pretreatment confounders, and varying sets of mediators, which can be implemented via

any method of the analyst’s choice, be it linear models, generalized additive models, or highly non-

parametric methods such as Bayesian Additive Regression Trees (BART; Chipman, George and Mc-

Culloch 2010; Hill 2011). We illustrate this approach by estimating the path-specific effects of shared

democracy on public opposition to war and the path-specific effects of political violence on descen-

dants’ political attitudes.
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2 Path-Specific Causal Effects: A Review

2.1 Definition of Path-Specific Effects

We useA to denote a binary treatment, Y to denote the observed outcome, andX to denote a vector

of observed pretreatment confounders. To simplify the exposition, let us first consider the case where

two (sets of) mediators, L andM , lie on the causal paths from A to Y . Without loss of generality,

we assume that L precedesM , such that no variable inM can causally affect any variable in L.1 A

causal diagram that is consistent with the relationships between these variables is shown in the top

panel of Figure 1. In Tomz andWeek’s (2013) study on the democratic peace, for example,A denotes

whether the potential opponent is a democracy, Y denotes the respondent’s attitude toward war, L

denotes the respondent’s beliefs about the costs and benefits of war, andM denotes the respondent’s

perceived morality of war.

In this causal diagram, there exist four possible paths from the treatment to the outcome, as shown

in the panels below: (a) A → Y ; (b) A → M → Y ; (c) A → L → Y ; and (d) A → L → M → Y .

If the mediators L andM are causally independent, i.e., if they do not affect each other, the last path

does not exist. In this case, the total effect of A on Y can be partitioned into the effect operating

through L (A → L → Y ), the effect operating throughM (A → M → Y ), and a “direct” effect

not operating through L orM (A → Y ) (Imai and Yamamoto, 2013). However, in the general case

where L andM are causally dependent, it is not possible to partition the mediating effects of L and

M into their respective components even conceptually, since some of the total effect ofA on Y goes

through both L andM .

To define the path-specific effects formally, let us use the potential outcomes notation for both the

outcome and the mediators. Specifically, we use Y (a, l,m) to denote the potential outcome under

treatment status a and mediator values L = l andM = m,M(a, l) to denote the potential value of

the mediatorM under treatment status a andmediator valueL = l, andL(a) to denote the potential

value of the mediator L under treatment status a.2 This notation allows us to define nested coun-
1This is not a binding assumption as long as the full causal structure can be represented by a DAG, in which case the

mediators can always be partitioned into two ordered sets.
2We omit the usual unit index (often denoted by a subscript i) from our notation for the sake of notational brevity,

with the implicit assumption that the potential outcomes and mediators refer to unit-level counterfactuals.
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X A ML Y

(a) A ML Y

(b) A ML Y

(c) A ML Y

(d) A ML Y

Figure 1: Causal Relationships with Two (Sets of) Causally Dependent Mediators Shown in Directed
Acyclic Graph (DAG).

Note: A denotes the treatment, Y denotes the outcome, X denotes pretreatment confounders, and
L andM denote two (sets of) causally dependent mediators.
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terfactuals.3 For example, Y
(
1, L(0),M(0, L(0))

)
represents the potential outcome in the counter-

factual scenario where the subject was treated but the mediators L and M were set to values they

would haven taken if the subject had not been treated. Further, if we let Y (a) denote the potential

outcome when treatment status is set to a and the mediators L andM take on their “natural” values

under treatment status a (i.e., L(a) andM(a, L(a))), we have Y (a) = Y
(
a, L(a),M(a, L(a))

)
by

definition.

Using the above notation, the average total effect of A on Y can be written as a telescoping sum

(VanderWeele, Vansteelandt and Robins 2014):

E[Y (1)− Y (0)] = E[Y
(
1, L(1),M(1, L(1))

)
− Y

(
0, L(0),M(0, L(0))

)
]

= E[Y
(
1, L(0),M(0, L(0))

)
− Y

(
0, L(0),M(0, L(0))]︸ ︷︷ ︸

A→Y

+ E[Y
(
1, L(0),M(1, L(0))

)
− Y

(
1, L(0),M(0, L(0))

)
]︸ ︷︷ ︸

A→M→Y

+ E[Y
(
1, L(1),M(1, L(1))

)
− Y

(
1, L(0),M(1, L(0))

)
]︸ ︷︷ ︸

A→L→Y ;A→L→M→Y

≡ τA→Y(0) + τA→M→Y(1) + τA→L Y(1). (1)

In this decomposition, τA→Y(0) (line 2) represents the amount of treatment effect if the mediators L

andM were set to values they would haven taken under treatment statusA = 0. It reflects the causal

path A → Y . τA→M →Y(1) (line 3) represents the amount of treatment effect operating through the

mediator M under treatment status A = 1 and mediator status L = L(0). It reflects the causal

path A → M → Y . Finally, τA→L Y(1) (line 4) represents the amount of treatment effect operating

through the mediatorL under treatment statusA = 1. It reflects the combination of the causal paths

A→ L→ Y and A→ L→M → Y .

Thus, in the democratic peace example, τA→Y(0) reflects the direct effect of democracy on public

opposition to war, i.e., the fraction of the total effect operating through neither perceived costs and

benefits of war nor perceived morality of war; τA→M →Y(1) reflects the effect of democracy operating

through morality only; and τA→L Y(1) reflects the effect of democracy operating through perceived

costs and benefits of war, whether it further operates through morality or not.
3We maintain the stable unit treatment value assumption, or consistency, for all of the potential outcomes and medi-

ators, such that L = L(a) ifA = a, etc.
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The decomposition represented by equation (1) is not unique. Switching the order in which the

causal paths A → Y , A → M → Y , and A → L  Y are introduced, the total effect of A on Y

can also be partitioned as

E[Y (1)− Y (0)] = E[Y
(
1, L(1),M(1, L(1))

)
− Y

(
0, L(1),M(1, L(1))]︸ ︷︷ ︸

A→Y

+ E[Y
(
0, L(1),M(1, L(1))

)
− Y

(
0, L(1),M(0, L(1))

)
]︸ ︷︷ ︸

A→M→Y

+ E[Y
(
0, L(1),M(0, L(1))

)
− Y

(
0, L(0),M(0, L(0))

)
]︸ ︷︷ ︸

A→L→Y ;A→L→M→Y

≡ τA→Y(1) + τA→M→Y(0) + τA→L Y(0). (2)

Inwhat follows, we refer to equations (1) and (2) as Type I andType II decompositions, respectively. In

general, when there is an interaction effect between the treatment and the mediators on the outcome,

the path-specific effects defined by the two decompositions are different. We illustrate both Type I

and Type II decompositions in Section 4.

2.2 Comparison to Existing Approaches

Existing work on causal mediation analysis for multiple mediators typically focuses on the ACME

for each of the mediators, instead of path-specific effects. For example, Imai and Yamamoto (2013)

consider the following decomposition of the average total effect:

E[Y (1)− Y (0)] = E[Y (1, L(1),M(0, L(0)))]− E[Y (0, L(0),M(0, L(0)))]︸ ︷︷ ︸
A→Y ;A→L→Y

+ E[Y (1, L(1),M(1, L(1)))]− E[Y (1, L(1),M(0, L(0)))]︸ ︷︷ ︸
A→M→Y ;A→L→M→Y

≡ ζM(0) + δM(1). (3)

In this decomposition, δM(1) represents the ACME of A on Y with respect toM , or the amount of

treatment effect operating throughM under treatment statusA = 1, regardless of whether the effect

also operates throughL or not. By contrast, ζM(0) represents the amount of treatment effect that does

not operate throughM , regardless ofL. It can also be shown thatE[Y (1)−Y (0)] = ζM(1)+δM(0),
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where ζM(1) and δM(0) are defined analogously.

This decomposition is attractive when the researcher’s substantive interest lies solely in the me-

diatorM and the other mediator L is purely a nuisance that needs to be accounted for due to the

confounding it causes between M and Y . A drawback of this approach, however, is that neither

ζM(1) nor δM(0) can be nonparametrically identified under standard ignorability assumptions, such

as the assumptions encoded in the causal diagram in the top panel of Figure 1.4 Moreover, empirical

researchers are often in a situation where both L andM are of substantive interest.

In contrast, our proposed approach can be understood with respect to the following alternative

representation:

E[Y (1)− Y (0)] = E[Y
(
1, L(0),M(1, L(0))

)
− Y

(
0, L(0),M(0, L(0))]︸ ︷︷ ︸

A→Y ;A→M→Y

+ E[Y
(
1, L(1),M(1, L(1))

)
− Y

(
1, L(0),M(1, L(0))

)
]︸ ︷︷ ︸

A→L→Y ;A→L→M→Y

≡ ζL(0) + δL(1), (4)

where δL(1) and ζL(0) represent the ACME of A on Y with respect to L under treatment status

A = 1 and the ADE of A on Y with respect to L under treatment status A = 0, respectively.

Equation (4) makes it clear that δL(1) = τA→L Y(1) and ζL(0) = τA→Y(0) + τA→M→Y(1). Thus, the

proposed approach allows us to estimate the amount of treatment effect that operates through L

under a standard set of ignorability assumptions, and also to further decompose the ADE (ζL(0)) into

the effect operating throughM but not through L (τA→M→Y(1)) and the effect that operates through

neither L norM (τA→Y(0)).

2.3 Identification Results

Following Pearl (2009), we use a DAG to denote a nonparametric structural equation model with

independent errors. In this framework, the top panel of Figure 1 corresponds to the following non-
4Imai and Yamamoto (2013) circumvent this problem by adding weak functional form assumptions — specifically, by

modeling the outcome and mediators semiparametrically and making a no-interaction assumption.
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parametric structural equations:

A = fA(X, εA)

L = fL(X,A, εL)

M = fM(X,A,L, εM)

Y = fY (X,A,L,M, εY ),

where the error terms εA, εL, εM , and εY are jointly independent but otherwise arbitrarily distributed.

The joint independence of the error terms means that no unobserved confounding exists for any of

the treatment-mediator, treatment-outcome, mediator-mediator, and mediator-outcome relation-

ships represented in Figure 1. This assumption implies (but is not implied by) the sequential ignora-

bility assumption that Robins (2003) invoked in interpreting causal diagrams.5

Asmentioned in the introduction, in the presence of posttreatment confounding of themediator-

outcome relationship, the ACME and ADE are generally not nonparametrically identified. This is

true even if all posttreatment confounders of the mediator-outcome relationship are observed. Thus,

if we think of the mediator L as a posttreatment confounder of the relationship between M and

Y , it means that the ACME for the mediatorM is not identified. However, under the assumptions

outlined above, the path-specific effects defined by equations (1) and (2) are nonparametrically iden-

tified (Avin, Shpitser and Pearl 2005; VanderWeele, Vansteelandt and Robins 2014). In fact, to iden-

tify the components of equations (1) and (2), it suffices to identify the counterfactual expectation

E[Y
(
a, L(a∗),M(a∗∗, L(a∗))

)
] for any combination of a, a∗, a∗∗. This latter quantity can be ex-

pressed as a function of observed variables:

E[Y
(
a, L(a∗),M(a∗∗, L(a∗))

)
] =

∫
x,l,m

E[Y |x, a, l,m]f(m|x, a∗∗, l)f(l|x, a∗)f(x)dxdldm. (5)

A proof of this result is given in Appendix A. This equation can be seen as a generalization of Pearl’s

(2001) mediation formula to the case of two causally dependent (sets of) mediators. Note that the

last components in equations (1) and (2), i.e., τA→L Y(0) and τA→L Y(1), reflect the combination of the
5In particular, our assumption implies the independence between the so-called cross-world counterfactuals, whereas

the sequential ignorability assumption of Robins (2003) does not. See Robins and Richardson (2010) for a detailed dis-
cussion for different interpretations of causal diagrams.
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causal paths A → L → Y and A → L → M → Y . Without additional assumptions, the path-

specific effects for A → L → Y and A → L → M → Y cannot be separately identified.6 Thus,

in the democratic peace example, we can identify the mediating effect (e.g., the ACME) of perceived

costs and benefits of war, but we cannot know how much of this mediating effect further operates

through morality.

2.4 VanderWeele et al.’s (2014) Weighting Estimator

To estimate the path-specific effects defined above, VanderWeele, Vansteelandt and Robins (2014)

proposed a weighting estimator that entails estimating the conditional densities/probabilities of the

mediators L andM given their antecedent variables. To see how it works, we note that equation (5)

can be rewritten as

E[Y (a, L(a∗),M(a∗∗, L(a∗)))]

=

∫
x,l,m

E[Y |x, a, l,m]f(m|x, a∗∗, l)f(l|x, a∗)f(x)dxdldm

=

∫
x,l,m

E[Y |x, a, l,m]f(x, l,m|a)f(m|x, a
∗∗, l)f(l|x, a∗)P(A = a)

f(m|x, a, l)f(l|x, a)P(A = a|x)
dxdldm

=E[Y
f(M |X,A = a∗∗, L)f(L|X,A = a∗)f(a)

f(M |X,A = a, L)f(L|X,A = a)f(a|X)
|A = a]. (6)

Thus, the counterfactual expectation E[Y (a, L(a∗),M(a∗∗, L(a∗))] is simply a weighted average of

the observed outcome among units with treatment status a. With estimates of f(m|x, a, l), f(l|x, a),

f(a|x), and f(a), the weights can be constructed as

Ŵa,a∗,a∗∗ =
f̂(M |X,A = a∗∗, L)f̂(L|X,A = a∗)f̂(a)

f̂(M |X,A = a, L)f̂(L|X,A = a)f̂(a|X)
. (7)

This weighting approach, while conceptually appealing, has several practical limitations. First, be-

cause it depends on estimates of the conditional density/probability functions f(m|x, a, l) and

f(l|x, a), it performs well only when both the mediators L and M are discrete, in which case the

conditional probabilities can often be reliably estimated. When either or both of the mediators is
6For the additional assumptions needed to identify the paths A → L → Y and A → L → M → Y separately, see

Albert and Nelson (2011).
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multi-dimensional or continuous, estimates of these conditional densities/probabilities tend to be

unstable and highly sensitive to model misspecification (e.g., Naimi et al. 2014; Vansteelandt 2009).

Moreover, even if the models for these conditional densities/probabilities are correctly specified,

inverse-probability-weighted estimators such as the one given by equation (6) are generally ineffi-

cient and susceptible to large finite sample biases (Cole and Hernán 2008; Wang et al. 2006). We now

turn to an imputation approach that circumvents these limitations.

3 Estimating Path-Specific Effects: An Imputation Approach

3.1 Rationale

To date, most methods for causal mediation analysis have focused on the setting where the researcher

is interested in a singlemediator or a single set ofmediators. In this case, the key quantity for identify-

ing the ACME and ADE is the nested counterfactual, E[Y (a,M(a∗)], whereM is the sole mediator

of interest. Different methods have been proposed to estimate this quantity (e.g., Imai et al. 2011;

VanderWeele 2009b). In particular, Vansteelandt, Bekaert and Lange (2012) introduced an imputa-

tion method, which involves (a) fitting a model of the observed outcome conditional on treatment,

the mediator, and a set of pretreatment confounders, (b) using this model to impute the counterfac-

tual outcomes Y (a,M(a∗)) for each unit with treatment status a∗, and (c) fitting a model of these

imputed counterfactuals conditional on the pretreatment confounders (see also Steen et al. 2017). Al-

bert (2012) proposed a similar method, in which the first two steps are exactly the same and the last

step involves an inverse-probability-of-treatment-weighted average of the imputed counterfactuals.

Below, we extend these imputation-based methods to the estimation of path-specific effects.

Without loss of generality, let us consider the Type I decomposition defined by equation (1).7

To estimate the three components in equation (1), it suffices to estimate four counterfactual means:

E[Y (0)], E[Y (1)], E[Y
(
1, L(0),M(0, L(0))

)
], and E[Y

(
1, L(0),M(1, L(0))

)
]. Given the assump-

tion of no unobserved confounding for the treatment-outcome relationship, the first two quantities,

E[Y (0)] and E[Y (1)], can be estimated via any conventional method of covariate adjustment, such

as matching, weighting, or regression. Or, in experimental studies where treatment is randomly as-
7Our exposition applies analogously to the Type II decomposition defined by equation (2).
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signed, they can be estimated using simple averages of the observed outcome within the control and

treatment groups.

Using the mediation formula (5), the latter two quantities, E[Y
(
1, L(0),M(0, L(0))

)
] and

E[Y
(
1, L(0),M(1, L(0))

)
], can be written as

E[Y
(
1, L(0),M(0, L(0))

)
] = E

[
E
[
E[Y |X,A = 1, L,M ]|A = 0, X

]]
(8)

E[Y
(
1, L(0),M(1, L(0))

)
] = E

[
E
[
E[Y |X,A = 1, L]|A = 0, X

]]
. (9)

A proof of these equations is given in Appendix B. Thus, to evaluate these nested counterfactuals, we

need only to estimate (a) the conditional means E[Y |X,A = 1, L,M ] and E[Y |X,A = 1, L], and

(b) their own conditional means given the pretreatment confounders X among the untreated units

(A = 0). After these estimates are obtained, the outermost expectations in equations (8) and (9) can

be estimated using their sample analogs.

Alternatively, the nested counterfactuals above can be written as (see also Appendix B)

E[Y
(
1, L(0),M(0, L(0))

)
] = E

[
E[Y |X,A = 1, L,M ]

P[A = 0]

P[A = 0|X]
|A = 0

]
(10)

E[Y
(
1, L(0),M(1, L(0))

)
] = E

[
E[Y |X,A = 1, L]

P[A = 0]

P[A = 0|X]
|A = 0

]
. (11)

These equations suggest that to evaluate the nested counterfactuals, we need only to estimate

E[Y |X,A = 1, L,M ], E[Y |X,A = 1, L], and the probability ratio P[A = 0]/P[A = 0|X]. Af-

ter these estimates are obtained, the outer expectation in equations (10) and (11) can be estimated

using their sample analogs.

Hence, the equations (8-9) and (10-11) point to two different routes to evaluating the nested

counterfactuals E[Y
(
1, L(0),M(0, L(0))

)
] and E[Y

(
1, L(0),M(1, L(0))

)
]. They can be seen as

extensions of Vansteelandt et al.’s (2012) and Albert’s (2012) imputation-based estimators for the

ACME, respectively, to the estimation of path-specific effects. Since the first procedure involves

only model-based imputation and the second procedure involves both imputation and inverse-

probability-weighting, we call them a “pure imputation estimator” and an “imputation-based weight-

ing estimator,” respectively. Unlike VanderWeele et al.’s (2014) weighting approach, neither of these

estimators requires estimating the conditional densities/probabilities of the mediators. They are
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therefore highly amenable to the setting where the mediators L andM are multivariate and/or con-

tinuous. Below, we provide a practical guide on the implementation of these estimators in experi-

mental and observational studies.

3.2 Implementation

First, consider the experimental setting where treatment status is randomly assigned. In this case,

because treatment status A is independent of the pretreatment confounders X , both the equations

(8-9) and the equations (10-11) reduce to

E[Y
(
1, L(0),M(0, L(0))

)
] = E

[
E[Y |X,A = 1, L,M ]|A = 0

]
E[Y

(
1, L(0),M(1, L(0))

)
] = E

[
E[Y |X,A = 1, L]|A = 0

]
.

Thus, in experimental studies, the imputation approach can be implemented as follows:

1. EstimateE[Y (0)] andE[Y (1)] using simple averages of the observed outcome within the con-

trol and treatment groups.

2. Fit an outcome model conditional on the treatment A, the mediators L and M , and the

pretreatment confounders X . For the control units, impute their counterfactual outcome

Y
(
1, L(0),M(0, L(0))

)
using their predicted outcomes at A = 1 and their observed values

of X , L, andM . The average of these imputed counterfactuals constitutes an estimate of the

counterfactual mean E[Y
(
1, L(0),M(0, L(0))

)
].

3. Fit an outcome model conditional on the treatment A, the mediator L, and the pre-

treatment confounders X . For the control units, impute their counterfactual outcome

Y
(
1, L(0),M(1, L(0))

)
using their predicted outcomes at A = 1 and their observed val-

ues of X and L. The average of these imputed counterfactuals constitutes an estimate of the

counterfactual mean E[Y
(
1, L(0),M(1, L(0))

)
].

4. Calculate the path-specific effects as defined in equation (1).

In practice, to reduce model dependence, highly nonparametric methods such as Gradient Boost-

ing Machines (GBM) or Bayesian Additive Regression Trees (BART) can be used to fit the outcome
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models in steps 2 and 3. This can be useful to reduce bias due to model misspecification, especially

when treatment-mediator interaction effects are likely to exist (Glynn 2012). Standard errors and

confidence intervals can be estimated by bootstrapping steps 1-4. In Section 5.1, we illustrate this

approach by tracing the causal paths through which shared democracy reduces public support for

war.

In observational studies, the pure imputation estimator (equations 8-9) and the imputation-based

weighting estimator (equations 10-11) do not coincide. The pure imputation estimator can be imple-

mented as follows:

1. Fit an outcome model conditional on the treatment A and the pretreatment confounders X .

EstimateE[Y (0)] andE[Y (1)] by averaging the predicted values Ê[Y |A = 0, X] and Ê[Y |A =

1, X] among all units, respectively.

2. Fit an outcome model conditional on the treatment A, the mediators L and M , and the

pretreatment confounders X . For the untreated units, impute their counterfactual outcome

Y
(
1, L(0),M(0, L(0))

)
using their predicted outcomes at A = 1 and their observed values

ofX , L, andM .

3. Fit a model of the imputed counterfactual Ŷ
(
1, L(0),M(0, L(0))

)
conditional on X among

untreated units, and obtain model-based predictions for all units. The average of these predic-

tions constitutes an estimate of the counterfactual mean E[Y
(
1, L(0),M(0, L(0))

)
].

4. Fit an outcome model conditional on the treatment A, the mediators L, and the pre-

treatment confounders X . For the untreated units, impute their counterfactual outcome

Y
(
1, L(0),M(1, L(0))

)
using their predicted outcomes at A = 1 and their observed values

ofX and L.

5. Fit a model of the imputed counterfactual Ŷ
(
1, L(0),M(1, L(0))

)
conditional on X among

untreated units, and obtain model-based predictions for all units. The average of these predic-

tions constitutes an estimate of the counterfactual mean E[Y
(
1, L(0),M(1, L(0))

)
].

6. Calculate the path-specific effects as defined in equation (1).

For the imputation-based weighting estimator, steps 3 and 5 are replaced by an inverse-probability

weighted average:
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1. Fit an outcome model conditional on the treatment A and the pretreatment confounders X .

EstimateE[Y (0)] andE[Y (1)] by averaging the predicted valuesE[Y |A = 0, X] andE[Y |A =

1, X] among all units, respectively. In themeantime, estimateP[A = 0] using its sample analog

and P[A = 0|X] using a propensity score model for the treatment.

2. Fit an outcome model conditional on the treatment A, the mediators L and M , and the

pretreatment confounders X . For the untreated units, impute their counterfactual outcome

Y
(
1, L(0),M(0, L(0))

)
using their predicted outcomes at A = 1 and their observed values

ofX , L, andM .

3. Estimate E[Y
(
1, L(0),M(0, L(0))

)
] using a weighted average of the imputed counterfactuals

Ŷ
(
1, L(0),M(0, L(0))

)
among the untreated units, where the weight is P̂[A = 0]/P̂[A =

0|X].

4. Fit an outcome model conditional on the treatment A, the mediators L, and the pre-

treatment confounders X . For the untreated units, impute their counterfactual outcome

Y
(
1, L(0),M(1, L(0))

)
using their predicted outcomes at A = 1 and their observed values

ofX and L.

5. Estimate E[Y
(
1, L(0),M(1, L(0))

)
] using a weighted average of the imputed counterfactuals

Ŷ
(
1, L(0),M(1, L(0))

)
among the untreated units, where the weight is P̂[A = 0]/P̂[A =

0|X].

6. Calculate the path-specific effects as defined in equation (1).

Again, to reduce model dependence, highly nonparametric methods can be used to fit both the out-

come models and the propensity score model for treatment assignment (for the imputation-based

weighting estimator). Standard errors and confidence intervals can be estimated by bootstrapping

steps 1-6. In Section 5.2, we illustrate both the pure imputation estimator and the imputation-based

weighting estimator by tracing the intergenerational pathways through which exposure to political

violence reduces descendants’ regime support.
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4 Generalization toK(> 2)Ordered (Sets of) Mediators

Throughout the previous discussion, we have assumed that two (sets of) mediators, L andM , lie on

the causal paths from A to Y . The definition, identification, and estimation of path-specific effects

can be generalized to the case where the treatment effect operates throughK causally dependent (sets

of)mediators. Inwhat follows, we denote thesemediators asM1,M2, . . .MK and assume that for any

i < j,Mi precedesMj , such that no variable inMj can causally affect any variable inMi. In addition,

let us denoteM0 = ∅,Mk = {M1,M2, . . .Mk} andMk(a) = {M1(a),M2(a), . . .Mk(a)}, where

Mk(a) =Mk

(
a,M1(a),M2(a,M1(a)), . . .

)
by consistency.

The total effect of A on Y can now be decomposed as

E[Y (1)− Y (0)] = E[Y
(
1,MK(0)

)
− Y (0)]︸ ︷︷ ︸

A→Y

+
K∑
k=1

E[Y
(
1,Mk−1(0)

)
− Y

(
1,Mk(0)

)
]︸ ︷︷ ︸

A→Mk Y

= τA→ Y (0) +
K∑
k=1

τA→ Mk  Y (1) (12)

or

E[Y (1)− Y (0)] = E[Y
(
1
)
− Y

(
0,Mk(1)

)
]︸ ︷︷ ︸

A→Y

+
K∑
k=1

E[Y
(
0,Mk(1)

)
− Y

(
0,Mk−1(0)

)
]︸ ︷︷ ︸

A→Mk Y

= τA→ Y (1) +
K∑
k=1

τA→ Mk  Y (0) (13)

Following the earlier terminology, we refer to equations (12) and (13) as Type I and Type II decom-

positions, respectively.

We assume that the variables A,M1, . . .MK , Y follow a DAG that encodes a nonparametric

structural equation model with independent errors:

A = fA(X, εA)

Mk = fMk
(X,A,M1, . . .Mk−1, εMk

), 1 ≤ k ≤ K

Y = fY (X,A,M1, . . .MK , εY ),
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where the error terms εA, εMk
, and εY are jointly independent but otherwise arbitrarily distributed.

The joint independence of the error terms means that no unobserved confounding exists for any of

the treatment-mediator, treatment-outcome, mediator-mediator, and mediator-outcome relation-

ships.

To identify the components of equations (12) and (13), it suffices to identify the counterfactual ex-

pectationE[Y
(
a,Mk(a

∗)
)
] for any k and any combination of a, a∗. This counterfactual expectation

can be expressed as a function of observed variables:

E[Y
(
a,Mk(a

∗)
)
] =

∫
E[Y |x, a,m1, . . .mk]f(m1, . . .mk|x, a∗)f(x)dxdadm1 . . . dmk

This equation is simply Pearl’s (2001) mediation formula applied to the set of mediatorsMk =

{M1,M2 . . .Mk} only.

The imputation approach outlined above can be easily generalized to estimate the path-specific

effects defined in equations (12) and (13). Without loss of generality, let us consider equation (12), i.e.,

the Type I decomposition. The pure imputation estimator proceeds as follows:

1. Fit an outcome model conditional on the treatment A and the pretreatment confounders X .

EstimateE[Y (0)] andE[Y (1)] by averaging the predicted values Ê[Y |A = 0, X] and Ê[Y |A =

1, X] among all units, respectively.

2. For k = 1, 2, . . . K ,

(a) Fit an outcome model conditional on the treatment A, the mediatorsMk , and the pre-

treatment confounders X . For the control units, impute their counterfactual outcome

Y
(
1,Mk(0)

)
using their predicted outcomes at A = 1 and their observed values of X

andMk.

(b) Fit a model of the imputed counterfactual Ŷ
(
1,Mk(0)

)
conditional on X among un-

treated units, and obtain model-based predictions for all units. The average of these pre-

dictions constitutes an estimate of the counterfactual mean E[Y
(
1,Mk(0)

)
].

3. Calculate the path-specific effects as defined in equation (12).

For the imputation-based weighting estimator, step 2(b) is replaced by an inverse-probability-

weighted average:
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1. Fit an outcome model conditional on the treatment A and the pretreatment confounders X .

EstimateE[Y (0)] andE[Y (1)] by averaging the predicted values Ê[Y |A = 0, X] and Ê[Y |A =

1, X] among all units, respectively. In themeantime, estimateP[A = 0] using its sample analog

and P[A = 0|X] using a propensity score model for the treatment.

2. For k = 1, 2, . . . K ,

(a) Fit an outcome model conditional on the treatment A, the mediatorsMk , and the pre-

treatment confounders X . For the control units, impute their counterfactual outcome

Y
(
1,Mk(0)

)
using their predicted outcomes at A = 1 and their observed values of X

andMk.

(b) Estimate E[Y
(
1,Mk(0)

)
] using a weighted average of the imputed counterfactuals

Ŷ
(
1,Mk(0)

)
among the untreated units, where the weight is P̂[A = 0]/P̂[A = 0|X].

3. Calculate the path-specific effects as defined in equation (12).

In experimental studies, step (1) is simplified as E[Y (0)] and E[Y (1)] can be estimated using sim-

ple averages of the observed outcome within the control and treatment groups. In the meantime,

step 2(b) is unneeded, as E[Y
(
1,Mk(0)

)
] can be estimated using a simple average of the imputed

counterfactuals among the control units.

5 Empirical Illustrations

5.1 Democracy and Public Opposition to War

With a nationally representative sample of 1,273 US adults, Tomz and Weeks (2013) conducted a

survey experiment to analyze the role of public opinion in the democratic peace, i.e., the empirical

regularity that democracies almost never fight each other. In this experiment, they presented re-

spondents with a situation in which a country was developing nuclear weapons and, when describing

the situation, they randomly and independently varied three characteristics of the country: political

regime (whether it was a democracy), alliance status (whether it had signed a military alliance with

the United States), and economic ties (whether it had high levels of trade with the United States).
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They then asked respondents about their levels of support for a preventive military strike against the

country’s nuclear facilities. The authors found that individuals are substantially less supportive of

military action against democracies than against otherwise identical autocracies.

To investigate the causal mechanisms through which democracy reduces public support for war,

Tomz andWeeks (2013) also measured each respondent’s beliefs about the threat posed by the poten-

tial adversary (threat), the cost of military intervention (cost), and the likelihood of victory (success).

In addition, the authors also assessed each respondent’s moral concerns about using military force

(morality). With these data, they conducted a causal mediation analysis and found that democracy

reduces public support for war primarily by changing perceptions of the threat and morality of using

military force. In this analysis, the authors examined the role of each mediator separately by assum-

ing that they operate independently and do not influence one another. However, it is likely that one’s

perception of morality is partly influenced by beliefs about the threat, cost, and likelihood of success,

which also affect support for war directly. In the following analysis, we allow these mediators to be

causally dependent. In particular, we group threat, cost, and success together as mediators reflecting

the respondent’s beliefs about the costs and benefits of war, and treat them as causally prior to moral-

ity. Under this latter assumption, the causal mechanisms underlying the effect of democracy can be

represented as a DAG akin to the top panel of Figure 1.

In this DAG, the outcome, Y , denotes whether the respondent opposes a preventive military

strike; treatment, A, denotes whether the country developing nuclear weapons is presented as a

democracy; the mediatorsL include measures of the respondent’s beliefs about the costs and benefits

of war; the mediatorM is a dummy variable indicating whether the respondent thought it would be

morally wrong to strike; finally, the pretreatment covariates X include dummy variables for each

of the two other randomized treatments (alliance status and economic ties) as well as a number of

demographic and attitudinal controls. We control for a set of pretreatment covariates because, al-

though treatment is randomly assigned, the mediator-mediator and mediator-outcome relationships

may still be confounded by baseline factors in these data.

We estimate the path-specific effects for A → Y , A → M → Y , and A → L  Y using the

imputation approach outlined in Section 3.2. Because treatment is randomly assigned in this study,

we first estimate E[Y (0)] and E[Y (1)] using simple averages of the observed outcome within the

control and treatment groups. We find that the proportion of respondents opposing war is 27.6%
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when the country developing nuclear weapons is an autocracy and 38.8% when it is a democracy.

The total effect of treatment, therefore, is 11.2%.

We then use BART to fit an outcome model conditional on democracy (A), perceived costs and

benefits of war (L), perceived morality of war (M ), and the pretreatment covariates (X ), and, for

the control units, extract their predicted outcomes at A = 1 and their observed values of X , L,

andM . The average of these predicted outcomes constitutes an estimate of the counterfactual mean

E[Y
(
1, L(0),M(0, L(0))

)
], which reflects the proportion of respondents opposing war if the coun-

try developing nuclear weapons was presented as a democracy but respondents’ beliefs about the

costs and benefits of war and about the morality of war were both set to the levels they would have

taken if the country developing nuclear weapons had been presented as an autocracy. Thus, its de-

viation from the average baseline outcome E[Y (0)] reflects the direct effect of democracy on public

opposition to war.

Next, we use BART to fit an outcome model conditional on democracy (A), perceived costs and

benefits of war (L), and the pretreatment covariates (X ), and, for the control units, extract their pre-

dicted outcomes at A = 1 and their observed values of X and L. The average of these predicted

outcomes constitutes an estimate of the counterfactual mean E[Y
(
1, L(0),M(1, L(0))

)
], which re-

flects the proportion of respondents opposing war if the country developing nuclear weapons was

presented as a democracy but respondents’ beliefs about the costs and benefits of war were set to the

levels they would have taken if the country developing nuclear weapons had been presented as an

autocracy. Thus, its deviation from the counterfactual mean E[Y
(
1, L(0),M(0, L(0))

)
] gauges the

path-specific effect for A→ M → Y , and its difference from the average treated outcome E[Y (1)]

gauges the path-specific effect for A→ L Y .

By switching the roles of the treatment and control groups, we have also estimated the path-

specific effects defined by the Type II decomposition (equation 2). The results are shown in Figure 2.

We can see that in this example, different definitions of path-specific effects yield similar results. By

both Type I and Type II decompositions, about three fifths of the total effect operates through either

perceived costs and benefits of war or perceived (im)morality of war. Among the three fifths, about

two fifths stem from the mediating effect of perceived costs and benefits of war (A→ L Y ), and

the remaining one fifth can be attributed to morality alone (A → M → Y ). Thus, echoing Tomz

andWeeks (2013), we find that morality plays a small but independent role in transmitting the causal
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Figure 2: Estimates of Total and Path-Specific Effects of Shared Democracy on Public Opposition to
War.
Note: Error ranges correspond to 95% bootstrapped confidence intervals (500 iterations).

effect of democracy on attitudes toward war. Yet, unlike the original study, the above results do not

hinge on the restrictive assumption that different mediators are causally independent.

5.2 The Legacy of Political Violence

In this subsection, we illustrate the imputation approach for tracing causal paths from observational

data. In particular, we reanalyze Lupu and Peisakhin’s (2017) data to examine the intergenerational

pathways through which exposure to political violence shapes descendants’ political attitudes. In

2014, Lupu and Peisakhin conducted a multigenerational survey of Crimean Tatars, a minority Mus-

lim population living in Crimea, to study the legacy of political violence that occurred during the

deportation of Crimean Tatars from their homeland to Central Asia in 1944. Due to starvation and
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Figure 3: Causal Pathways from Ancestor Victimization to Descendants’ Regime Support.

infectious diseases, a sizable portion of the deportees died during or shortly after the deportation. Yet,

“[a]lthough all Crimean Tatars suffered the violence of deportation, some lost more family members

along the way” (p. 837). Leveraging this variation in violent victimization, the authors found that the

grandchildren of individuals who sufferedmore deaths of familymembers support more strongly the

Crimean Tatar political leadership, hold more hostile attitudes toward Russia, and participate more

in politics.

To investigate the causal mechanisms that transmit the legacy of political violence, Lupu and

Peisakhin (2017) conducted an “implicit mediation analysis” by adding measures of the descendant’s

political identity into their main regression models and assessing the changes in the coefficients of

ancestor victimization. This approach can be problematic, however, because descendants’ political

identities are likely shaped by the political identities of their parents and grandparents, which might

have a direct effect on descendant political attitudes and behavior. In other words, the identities

of first- and second-generation respondents may be posttreatment confounders of the mediator-

outcome relationship, i.e., the relationship between descendants’ identities and their political atti-

tudes and behavior. A mediation analysis omitting these posttreatment confounders would likely

lead to biased assessments of causal mechanisms. Moreover, as noted earlier, the ACME and ADE

cannot be nonparametrically identified in the presence of posttreatment confounders.
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Here, we treat the political identities of first-, second-, and third-generation respondents as three

sets of causally dependent mediators, and focus on the effect of ancestor victimization on the respon-

dent’s attitude toward Russia’s annexation of Crimea. Our analytical framework can be represented

by the DAG in Figure 3. In this DAG, ancestor victimization (i.e., the treatment) denotes whether

any family member of the first-generation respondent died during or shortly after the deportation

due to poor conditions; the political identities of first-, second-, and third-generation respondents

(i.e., the mediators) are measured by the intensity of their attachment to the Crimean Tatars as a so-

cial group, their association of that group with victimhood, and their perception of the threat posed

by Russia; regime support (i.e., the outcome) denotes whether the third-generation respondent sup-

ported Russia’s annexation of Crimea; finally, the pretreatment covariates include measures of the

first generation respondent’s family wealth, religiosity, attitudes toward the Soviet Union, and expe-

rience with persecution by state authorities prior to deportation. These covariates are used to control

for potential confounding of the treatment-mediator, treatment-outcome, mediator-mediator, and

mediator-outcome relationships.

We then estimate the path-specific effects as defined by equations (12) and (13), using both the

pure imputation estimator and the imputation-based weighting estimator. For the pure imputation

estimator, we use BART to estimate all outcome models (including the models for the imputed coun-

terfactuals). For the imputation-based weighting estimator, we estimate all outcome models using

BART and estimate the propensity score model using boosted regression trees that are calibrated

to maximize covariate balance (McCaffrey, Ridgeway and Morral 2004; Ridgeway et al. 2017). The

results, as shown in Figure 4, are similar between the two estimators and between the two decompo-

sitions. Consistent with the original study, we find that ancestor victimization significantly reduces

the descendant’s support for Russia’s annexation of Crimea — by 0.2 on the linear probability scale

(from 0.54 to 0.34). The “direct effect” is about -0.09, meaning that slightly more than half of the total

effect operates through the political identities of first-, second-, and third-generation respondents.

Yet, most of the indirect effect is transmitted through the political identities of grandparents and

parents, rather than directly through the political identities of third-generation respondents. This

finding supports Lupu and Peisakhin’s hypothesis that exposure to political violence affects the iden-

tities of first-generation respondents and that they transmit these through the family line to shape

the political attitudes of their descendants.

24



Figure 4: Estimates of Total and Path-Specific Effects of Ancestor Victimization on Support for Rus-
sia’s Annexation of Crimea.
Note: Error ranges correspond to 95% bootstrapped confidence intervals (500 iterations).

6 Concluding Remarks

Despite a growing interest in the study of causal mechanisms in political science, existingmethods for

causal mediation analysis face an important limitation when the effect of the treatment on the out-

come involves multiple, potentially overlapping, causal pathways. In particular, the average causal

mediation effect (ACME) cannot be nonparametrically identified if the mediator-outcome relation-

ship is confounded by other variables that are causally prior to the mediator of interest, even if these

variables are observed. To circumvent this problem, empirical studies have often assumed that dif-

ferent mediators are causally independent, an assumption that enables identification of the ACMEs

but would lead to biased assessments of causal mechanisms if the mediators are in fact causally de-

pendent.

To confront this problem without invoking strong and restrictive assumptions, methodologists
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have proposed several alternative estimands, such as the controlled direct effect (Pearl 2001; Robins

2003; VanderWeele andVansteelandt 2009; Acharya, Blackwell and Sen 2016; Zhou andWodtke 2019)

and the randomized analogs to the natural direct and indirect effects (Geneletti 2007; VanderWeele,

Vansteelandt and Robins 2014; Wodtke and Zhou 2019), which can still be identified in the presence

of posttreatment confounding of the mediator-outcome relationship. Yet, none of these alternative

approaches allows us to directly gauge the strengths of different causal paths from the treatment to

the outcome, a task essential to the evaluation of competing theories of social and political processes.

To bridge this gap, we introduced a framework for tracing causal paths in the presence ofmultiple

causally dependent mediators. In this framework, the total effect of the treatment on the outcome is

decomposed into a set of path-specific effects. These path-specific effects, unlike the ACMEs of indi-

vidual mediators, are nonparametrically identified under standard assumptions of causal mediation

analysis (Avin, Shpitser and Pearl 2005). We then described an imputation approach for estimating

path-specific causal effects from experimental and observational data. In contrast to existingmethods

for analyzing causal mediation (e.g. Imai et al. 2010, 2011), this approach does not require modeling

the conditional distributions of the mediators given their antecedent variables. All we need is to

model the conditional means of the outcome given treatment, pretreatment confounders, and vary-

ing sets of mediators. These conditional means, unlike the conditional distributions of the mediators,

can be flexibly estimated using highly nonparametric methods such as GBM and BART. Therefore,

minimal modeling assumptions are needed to implement this approach, and different models of the

expected outcome can be used to check the robustness of results.

For sure, the framework introduced in this article is not without limitations. In particular, the

identification of path-specific effects is premised on a set of potentially strong assumptions, which

require that all relevant confounders of the treatment-outcome, treatment-mediator, mediator-

mediator, and mediator-outcome relationships have been observed and adjusted for. Although stan-

dard in studies of causalmediation, these assumptionsmust be scrutinized against the research design

and subjectmatter knowledge in each empirical application. In experimental studies where treatment

is randomly assigned, the assumptions of no unobserved treatment-outcome or treatment-mediator

confounding are met by design, but the mediator-mediator andmediator-outcome relationships may

still be confounded by unobserved factors. In cases where one ormore of these assumptions are ques-

tionable, estimates of path-specific effects can be combined with a general-purpose sensitivity anal-
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ysis (e.g., VanderWeele 2010; VanderWeele and Arah 2011) to assess their robustness to unobserved

confounding.

A Proof of the “Mediation Formula” for Path-Specific Effects

(Equation 5)

Since we interpret a DAG as Pearl’s (2009) nonparametric structural equation model with indepen-

dent errors, the DAG in the top panel of Figure 1 implies the following conditional independence

relationships: (a) L(a∗) ⊥⊥ M(a∗∗, l)|X ; (b) Y (a, l,m) ⊥⊥ (L(a∗),M(a∗∗, l))|X ; (c) L(a) ⊥⊥ A|X ;

(d)M(a, l) ⊥⊥ (A,L)|X ; (e) Y (a, l,m) ⊥⊥ (A,L,M)|X (see also VanderWeele, Vansteelandt and

Robins 2014). Thus we have

E[Y (a, L(a∗),M(a∗∗, L(a∗)))|X = x]

=

∫
E[Y (a, l,M(a∗∗, L(a∗)))|X = x, L(a∗) = l]fL(a∗)|X=x(l)dl

=

∫
E[Y (a, l,m)|X = x, L(a∗) = l,M(a∗∗, l) = m]fL(a∗)|X=x(l)fM(a∗∗,l)|X=x(m)dldm by (a)

=

∫
E[Y (a, l,m)|X = x]fL(a∗)|X=x(l)fM(a∗∗,l)|X=x(m)dldm by (b)

=

∫
E[Y (a, l,m)|X = x]fL(a∗)|X=x,A=a∗(l)fM(a∗∗,l)|X=x,A=a∗∗,L=l(m)dldm by (c) and (d)

=

∫
E[Y (a, l,m)|X = x,A = a, L = l,M = m]f(l|x, a∗)f(m|x, a∗∗, l)dldm by (e)

=

∫
E[Y |x, a, l,m]f(l|x, a∗)f(m|x, a∗∗, l)dldm (14)

Integrating the above expression over f(x) yields equation (5).
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B Proofs of the Imputation Formulas for Path-Specific Effects

(Equations 8-11)

Let us first consider equations (8) and (9). By equation (14), we have

E[Y
(
1, L(0),M(0, L(0))

)
|X = x] =

∫
E[Y |x,A = 1, l,m]f(l|x,A = 0)f(m|x,A = 0, l)dldm

=

∫
E[Y |x,A = 1, l,m]f(l,m|x,A = 0)dldm

= E
[
E[Y |X,A = 1, L,M ]|A = 0, X

]
.

Integrating the above expression over f(x) yields equation (8). Similarly,

E[Y
(
1, L(0),M(1, L(0))

)
|X = x] =

∫
E[Y |x,A = 1, l,m]f(l|x,A = 0)f(m|x,A = 1, l)dldm

=

∫
E[Y |x,A = 1, l]f(l|x,A = 0)dl

= E
[
E[Y |X,A = 1, L]|A = 0, X

]
.

Here, the second line uses the fact that
∫
E[Y |x,A = 1, l,m]f(m|x,A = 1, l)dm = E[Y |x,A =

1, l]. Integrating the above expression over f(x) yields equation (9). Now, consider equations (10)

and (11). By the mediation formula (5), we have

E[Y
(
1, L(0),M(0, L(0))

)
] =

∫
E[Y |x,A = 1, l,m]f(l|x,A = 0)f(m|x,A = 0, l)f(x)dldmdx

=

∫
E[Y |x,A = 1, l,m]f(l,m|x,A = 0)f(x)dldmdx

=

∫
E[Y |x,A = 1, l,m]f(l,m, x|A = 0)

f(x)

f(x|A = 0)
dldmdx

=

∫
E[Y |x,A = 1, l,m]f(l,m, x|A = 0)

P(A = 0)

P(A = 0|X = x)
dldmdx

= E
[
E[Y |X,A = 1, L,M ]

P[A = 0]

P[A = 0|X]
|A = 0

]
.
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Similarly,

E[Y
(
1, L(0),M(1, L(0))

)
] =

∫
E[Y |x,A = 1, l,m]f(l|x,A = 0)f(m|x,A = 1, l)f(x)dldmdx

=

∫
E[Y |x,A = 1, l]f(l|x,A = 0)f(x)dldx

=

∫
E[Y |x,A = 1, l]f(l, x|A = 0)

f(x)

f(x|A = 0)
dldmdx

=

∫
E[Y |x,A = 1, l]f(l, x|A = 0)

P(A = 0)

P(A = 0|X = x)
dldmdx

= E
[
E[Y |X,A = 1, L]

P[A = 0]

P[A = 0|X]
|A = 0

]
.
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